It has been argued that black hole solutions become unavoidably time-dependent when the graviton has a mass. In this work we show that, if the apparent horizon of the black hole is a null surface with respect to a fiducial Minkowski reference metric, then the location of the horizon is necessarily time-independent, despite the dynamical metric possessing no time-like Killing vector. This result is non-perturbative and model-independent. We derive a second law of black hole mechanics for these black holes and determine their surface gravity. An additional assumption establishes a zeroth and a first law of black hole mechanics. We apply these results to the specific model of dRGT ghost-free massive gravity and show that consistent solutions exist which obey the required assumptions. We determine the time-dependent scalar curvature at the horizon of these black holes.
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I. INTRODUCTION AND SUMMARY
It remains an open question: what would happen to a black hole if the graviton were to have a mass? Static black hole solutions in massive gravity appear to unavoidably suffer from either infinite strong coupling at all scales or coordinate-invariant curvature singularities at the horizon. (See, e.g., [1] [2] [3] for specific arguments.) In [2, 3] it was argued that these pathologies can be avoided by adopting a time-dependent, spherically symmetric ansatz. In particular, perturbative timedependent solutions were found in [3] which are regular at the horizon, are potentially consistent with the expected Yukawa asymptotics at large distances and weak coupling, and possess a massless limit that smoothly recovers the Schwarzschild black holes of General Relativity. However, finding exact analytic time-dependent black hole solutions has proved challenging.
In this work, we derive non-perturbative results for these time-dependent black holes by focusing on the horizon. We are primarily interested in the laws of black hole mechanics [4] in the presence of a graviton mass. In general, black hole mechanics are non-trivial for time dependent metrics. We refer to [5] [6] [7] [8] [9] for resources.
We first consider general theories of a massive spin-2 particle. Generic theories of massive gravitons require a fiducial reference metric f µν in addition to the dynamical metric g µν in order to construct non-derivative potential terms. In this paper we show that, if the apparent horizon of the black hole is a null surface with respect to a fiducial Minkowski reference metric, then the location of the apparent horizon is time-independent in the coordinates of the dynamical metric. We derive several additional consequences of this initial assumption: the apparent horizon is then also a null surface in terms of the dynamical metric; the surface gravity can be computed in terms of the inaffinity of the Kodama vector at the horizon; and the area of the apparent horizon is never decreasing, consistent with a second law of black hole mechanics. An additional assumption is required so that the surface gravity is constant in time and thus these black holes possess a zeroth law as well. A first law follows naturally.
We then consider the implication of these results for dRGT ghost-free massive gravity [10] . We solve the dRGT equations of motion in the vicinity of the horizon. We find solutions consistent both with the assumption of a null apparent horizon and that have a time-independent surface gravity. These solutions are nevertheless truly time-dependent in that they possess no time-like killing vector. In particular, the scalar curvature is not constant along the horizon. We compute the time-dependent scalar curvature at the horizon and discuss some implications.
II. FIXED HORIZONS
To construct a theory of a massive spin-2 particle, one adds a non-derivative potential term to the EinsteinHilbert Lagrangian. In order to contract the indices of the dynamical metric g µν in the potential in a non-trivial way, one needs to introduce an additional fiducial "reference" metric f µν . In order for the theory to be Lorentzinvariant, this reference metric is taken to be Minkowski f µν = η µν (or a coordinate transformation thereof). The most general potential can be written as the trace of various powers of the matrix g −1 f = g µλ f λν . We can express this as:
Here, the c n are arbitrary constant coefficients and we only assume that n is a rational number, i.e., we include fractional powers and inverse powers of g −1 f . A generic massive gravity Lagrangian can thus be written as
where R is the usual Ricci scalar and m is the graviton mass. The reference metric is Minkowski. Thus there exists a set of coordinates which we denote by (τ, ρ, θ, φ) in which the line element for f µν takes the form
For the dynamical metric g µν , we consider timedependent, spherically symmetric vacuum solutions. There exists a set of coordinates which we denote by (t, r, θ, φ) in which a generic spherically symmetric metric can be written as
(4) The functions Φ(t, r) and M (t, r) are arbitrary and will be fixed by the equations of motion. We have chosen this definition of the radial coordinate r so that spheres have area given by A = 4πr
2 . In general these coordinates (t, r) will not coincide with the (τ, ρ) coordinates defined above. However, at large distances from a source, we expect the dynamical metric to be approximately flat. In order for our Lagrangian to recover the Fierz-Pauli form at weak coupling, we expect t → τ and r → ρ at large r.
The time coordinate t for the dynamical metric is illdefined when 2GM (t, r) = r. It is useful to adopt a null, ingoing Eddington-Finkelstein type coordinate v instead. The dynamical metric becomes
(5) where M[v(t, r), r] = M (t, r) and Φ(t, r) has been absorbed into a new function F (v, r). In this work we refer to the usual three-dimensional trapping horizon (i.e., the union of the 2D boundaries of the trapped regions) as the apparent horizon. In the coordinates given above (5), the location of the apparent horizon is determined by the implicit expression
For a generic function M(v, r), the location of the horizon will depend on the lightcone coordinate v. In general, the apparent horizon will not be a null surface. The norm of the vector normal to the horizon n µ is given by
where dot denotes derivative with respect to v. Thus only when the location of the apparent horizon is independent of v will the horizon be a null surface with respect to the dynamical metric. What's more, null surfaces of the two metrics f µν and g µν do not generically coincide. Thus, even if the the apparent horizon is a null surface with regards to g µν , it will not necessarily be so with respect to f µν . The reference metric coordinates (τ, ρ) are related to the Eddington-Finkelstein coordinates (v, r) via a yetundetermined coordinate transformation:
The four independent equations of motion that follow from the Lagrangian (2) fix the four unknown functions:
Let us consider explicitly the equations of motion using the ansatz (5) for the dynamical metric. The variation of the potential can be found using the relation
Accordingly, the vacuum equations of motion are
where
We are particularly interested in the off-diagonal (1, 0) component of the equations of motion which is given by
In order to evaluate the right hand side of the above expression we note that, for a 2 × 2 matrix, the off-diagonal components of the matrix raised to some power n (including fractional or inverse powers) are always proportional to the same off-diagonal component of the matrix itself.
I.e., if X is a 2 × 2 invertible matrix then
.) . (13)
Since the matrix g −1 f is diagonal in its angular components, it can be expressed as the direct product of two 2 × 2 matrices and the above argument can be applied. In other words,
For the metrics defined above in (3) and (5), this is component is determined to be
where dots denote derivatives with respect to v and primes denote derivatives with respect to r. Let us now make an assumption that a null apparent horizon is a desirable feature for our black hole to have, in particular because it means that the apparent horizon might be identified with the event horizon of the black hole once the full structure of the spacetime is known. Let us also use the external structure of the reference metric to define the "nullness" of the horizon. In other words, let us consider the consequences if we assume that
An immediate result is that the rhs of (15) will vanish when evaluated at the horizon
From the property (14) and the equations of motion (12) it follows thatṀ
The location of the horizon is thus time-independent
We note that this is a coordinate invariant statement in the following sense: if we fix the radial coordinate so that spheres have the canonical area given by A = 4πr 2 , then no coordinate transformation v will alter this statement of time-independence.
Furthermore, referring to equation (7), we see that iḟ r H (v) = 0 then the apparent horizon is a null surface in terms of the dynamical metric as well. In other words, for the generic massive gravity theory, assuming that the apparent horizon was null with respect to the reference metric also implied its nullness with respect to the dynamical metric. In the next section we explore additional implications for black hole mechanics.
III. MECHANICS
We now consider the consequences of the graviton mass on black hole mechanics. We start with the second law. We construct an outward radial null vector
up to some overall normalization N . Let us introduce a source T µν to the equations of motion (10) and contract all indices with k µ :
Evaluating this expression at the horizon gives
(22) As argued in the previous section, U 1 0 vanishes at the horizon whenever the apparent horizon is a null surface in terms of f µν . If this condition holds for the sourced equations of motion, then the term arising from the graviton mass drops out of the above expression (22). We are left with the usual expression for General Relativity (see, e.g., [8] 
(23) As we have defined v in equation (5) to be an ingoing null coordinate, the function F (v, r) is positive. It follows thatṙ
as long as
In other words, the area of the apparent horizon will not decrease as a function of time (i.e., v) as long as the null energy condition is satisfied. To determine the surface gravity of these black holes, we use the Kodama vector [11] in place of the time translation Killing vector used for static and stationary spacetimes:
(1, 0, 0, 0) .
The norm of the Kodama vector is given by
Like the time translation Killing vector, K µ is normalized so that K µ K µ → −1 as r → ∞, assuming our dynamical metric has flat asymptotics. Furthermore, the Kodama vector is null along the black hole horizon.
If we adopt the condition of a fixed horizon (18) (and only by adopting this condition), we find that K µ obeys the geodesic equation in a non-affine parametrization at the horizon:
Again, prime denotes derivative with respect to r. We define the surface gravity κ via the inaffinity of K µ . The zeroth law of black hole mechanics states that the surface gravity κ is constant everywhere along the horizon, i.e., as a function of v. Here we see that this statement holds only when M ′ (v, r H ) = 0. If this condition is assumed, by differentiating M(v, r H (v)) with respect to v, it is straightforward to show that a first law of black hole mechanics is also obeyed
where A = 4πr 2 H . The function M(v, r) the MisnerSharp mass function [12] which can be interpreted as the mass inside radius r as a function of v. It is equivalent to the charge associated with the conserved current arising from the Kodama vector; it reduces to the Bondi-Sachs energy [13, 14] at null infinity and the Arnowitt-DeserMisner energy [15] at spatial infinity (see [5] ).
For generic massive gravity, the function M ′ (v, r) is fixed by the (0, 0) component of the equations of motion
and is not necessarily zero at the horizon. In the next section we will see that, in the specific case of ghost-free massive gravity, solutions exist with M ′ (v, r H ) = 0.
IV. GHOST-FREE MASSIVE GRAVITY
We now consider the implications of the above discussion for dRGT ghost-free massive gravity [10] . The relevant Lagrangian is given by
In the potential term, the S n are the n-th elementary symmetric polynomials of the eigenvalues of the matrix square root of g µλ f λν . They are given by
Here (and only here) the square brackets denote the trace of the enclosed matrix. This form of the potential guarantees that the classical theory propagates only the correct five degrees of freedom of the massive graviton [16] and no additional Boulware-Deser ghost [17] . Though somewhat unwieldy in metric notation, the polynomials have a more elegant rewriting as wedge products of vielbeins [18] . The β n are free coefficients. If we expand the dynamical metric around flat spacetime g µν = η µν + 2h µν /M P l then the requirement of no tadpoles gives the following condition on the β n :
In other words, this condition sets to zero the cosmological constant term coming from the potential. Assuming this condition, the correct normalization of the mass m 2 means that
This condition guarantees that around flat spacetime, at lowest order in the fields, the Lagrangian (32) reduces to the linear Fierz-Pauli Lagrangian for the free massive graviton, with mass term
We adopt the time-dependent spherically symmetric ansatz given above (5) and solve the vacuum equations of motion that follow from (32) in the vicinity of the horizon. Here, for clarity, we present only the relevant boundary values of the solutions. We find consistent solutions that obey the condition for a null horizon:
The function V (v) has the interpretation of the ingoing lightcone coordinate for the Minkowski reference metric on the black hole horizon:
(Note that V ≥ 0 as ρ is a radial coordinate and thus V (v) = ρ(v, r H ) is always positive semidefinite.) With the condition (37), it follows that we can set the location of the horizon to be independent of v:
We also set the surface gravity to be constant everywhere on the horizon:
After setting these boundary conditions, the remaining equations of motion near the horizon give the following relation between v and V :
We can compare this coordinate transformation to the transformation between lightcone Rindler v R and lightcone Minkowski V M coordinates:
where a is the Rindler acceleration. Thus, by analogy, we can identify the surface gravity κ = 1/2r H as we would expect from the previous arguments. (The factor of two on the lhs of (41) is a matter of convention and follows from our definition (37).) The function F (v, r) evaluated at the horizon is also determined. It simplifies when expressed in terms of V . We find:
With these boundary solutions, the equations of motion can be solved perturbatively, order by order in r − r H to find M(v, r), F (v, r), τ (v, r) and ρ(v, r) away from the horizon.
To summarize, we find that dRGT massive gravity possesses time-dependent, spherically symmetric vacuum solutions where (i) the apparent horizon is a null surface and thus the location of the horizon is time-independent and (ii) the surface gravity is everywhere constant on the apparent horizon. However, the metric still possesses no time-like Killing vector. Other physical quantities evaluated on the horizon will generically depend on v (or, equivalently, V ).
In particular, we can compute the scalar curvature of the dynamical metric on the horizon as a function of the ingoing lightcone coordinate V on our solution. We find
This function exhibits the following curious properties. When v = 0 we have V = r H and R = 0 for all values of the β n . We can set R(V ) = 0 for all V if we choose the β n such that
However, these conditions cannot be satisfied if both (34) and (35) are also satisfied. Thus the curvature at the horizon is generically nonzero away from v = 0.
V. DISCUSSION
Having a null apparent horizon is a potentially attractive feature for a time-dependent black hole. It means that the apparent horizon might coincide with the event horizon once the full structure of the spacetime is known. In this work we have shown that for massive gravity, by assuming a null apparent horizon in terms of the fiducial reference metric, a number of additional desirable features are obtained. In particular, we can guarantee (i) that the location of the horizon is time-independent (ii) that the apparent horizon is also null with respect to the dynamical metric (iii) the graviton mass term does not disrupt the usual second law of black hole mechanics and (iv) a notion of the surface gravity can be defined in terms of the inaffinity of the Kodama vector.
We have also shown that dRGT ghost-free massive gravity possesses solutions that realize this assumption of a null apparent horizon and that, moreover, have constant surface gravity and a first law of black hole mechanics given by (30). These solutions nevertheless possess a time-dependent scalar curvature at the horizon. An immediate outstanding question is whether these solutions can be matched to the expected, static Yukawa asymptotics at large r. Massive gravity has no Birkoff's theorem. Thus it also remains to be seen if these black hole solutions can in fact be realized as, say, the endpoint of gravitational collapse.
Particularly in the age of LIGO, a better understanding of black hole solutions in massive gravity could potentially lead to improved constraints on the graviton mass. Independent of observations, black holes in massive gravity are interesting in their own right: they possess horizons which aren't Killing horizons and the underlying theory has no diffeomorphism invariance. Thus we cannot rely on the basic assumptions we frequently use to understand black holes in General Relativity (and related issues such as locality in GR). A more thorough understanding of black hole thermodynamics and information for massive gravitons might ultimately teach us something interesting about black hole information in General Relativity.
